Abstract-Two-dimensional, n-layer isothermal flows of Newtonian liquids are analyzed by means of the Reynolds lubrication approximation (Phil. Trans. R. Sm. 177, 157, 1886). For algebraic simplicity, the coordinates are transformed for individual layers. The resulting governing equations are solved for multilayer coating and for multilayer extrusion by the Galerkinjfinite-element method and Newton iteration together with an implicit finite-difference scheme for the time-dependent analysis. The number of unknowns in the finite-element analysis is reduced by appropriately decoupling some of the equations. In the steady-state analysis, the thickness profile of each layer is estimated for given flow rates of individual layers over a range of capillary numbers between 10e6 and 1000 and a range of viscosity ratios between 0.001 and 20. In coating, the surface tension of the outer layer was found to have a more pronounced elfect on the steady-state solution than the surface tensions of the inner layers. For initial sinusoidal disturbances of various wavelengths and amplitudes, the flow of up to seven layers with various configurations was found to be stable for negligible inertia effects.
INTRODUCTION
There are various ways of modifying physical properties of polymers. Frequently, however, single polymers cannot satisfy all end-uses economically. Therefore, multilayer plastic films are used. Each layer of these composite materials provides a specific end-use characteristic such as oxygen and moisture barrier, thermoformability, mechanical attributes, and heat sealability to the product. Multilayer polymer films and sheets with combinations of these end-uses find applications in food packaging, in lamination to paper and other decorative uses (Schrenk and Alfrey, 1978) , and in multilayer coating (Kistler and Striven, 1984) .
Multilayer polymer films and sheets are manufactured by a tubular blown-film process (Schrenk and Alfrey, 1973) or by a flat-die chill-roll process (Schrenk, 1974) . In the case of extrusion through a flat die, the film is drawn down through a narrow slit at the outlet of the die and is subsequently quenched below its solidification temperature on a chill-roll. The modern and more widely used method has a single-manifold die. At the inlet of the die, a feedblock is attached that introduces a prearranged multilayer melt stream (see Fig. 1 ). The feedblock method is more popular than other available methods because of its versatility in accommodating a large number of layers.
Similar to multilayer extrusion, coating the surface of a substrate with multiple layers of liquids is important in various scientific and industrial applications. The five commonly used devices that are suitable for premetered, precision coating are: slot coating, knife coating, roll coating, reverse-roll coating, and slide tTo whom correspondence should be addressed.
coating (Bixler, 1982) . All of them can be used for multilayer coating as well. A schematic diagram of one such arrangement of slot coating is shown in There are very few studies on multilayer coating (Kistler and Striven, 1984) . Hawever, coating of a single layer on a liquid is extensively studied for predicting surface profiles and for predicting unstable conditions (Pearson, 1960, Bixler, 
1982; Coyle et al., 1986).
A major limitation of existing theoretical and experimental works on multilayer flows is that no more than three symmetric layers have been analyzed theoretically. Since, at present, many products of multilayer films and sheets involve more than three layers, it is physically more relevant to develop a general model for analyzing the flow of II layers. Here, a general model is developed for ,isothermal n-layer flow of Newtonian liquids that accounts for any numbet of layers and surface tension effects. (1886) and hence it is applicable only to thin-film flows in the absence of recirculation. The same equations can be used for multilayer coating as well as for multilayer extrusion by changing the boundary conditions. The palerkinlfinite-element method is used with Newt+ iteration to solve the steady-state equations. For the time-dependent analysis with initial sinusoidal disturbances of various wavelengths and amplitudes, an implicit method is used and the stability of the processes is investigated within the limitations of lubrication approximation, the most severe being its validity only for negligible inertia terms. Although the applications of multilayer extrusion and multilayer coating often involve non-Newtonian liquids, the analysis in this paper is developed for Newtonian liquids which is also a first step in analyzing non-Newtonian flows.
Despite its limitations, the lubrication approximation is attractive in the analysis of almost rectilinear flows (confined as well as free surface flows) because it is simple. in many instances manageable by analytical tools, and in numerical modeling, it considerably reduces the number of involved unknowns_
GOVERNING EQUATIONS
The governing equations are derived with the assumption that the total thickness of all the layers is much smaller than the dimension along the direction of flow, which is reasonable for the industrial applications of multilayer extrusion and of multilayer coating involving thin films. Then, the Reynolds lubrication approximation can be implemented to simplify the equations of change. This approach is fairly standard and is described in various textbooks on liquid mechanics (e.g., Tipei, 1962; Langlois, 1964; Batchelor, 1967) . Another assumption made in the analysis is that the process is isothermal. In most situations, the temperature variation across the domain of flow is small and the drying or the solidification of the polymer film is carried out away in the downstream direction.
An important step in the development of the theory is to transform the coordinates in such a way that the origin is shifted along the z-direction for each layer as shown in Fig. 3 . Due to this transformation, the n-layer equations become algebraically tractable and Reynolds' equations result naturally from the analysis.
The dimensionless variables after stretching are: When these 2n boundary conditions are substituted into eq. (4) we obtain 2n simultaneous equations, in as many unknowns Aj and Bi.
1. For coating:
of dimensionless variables, is given by: where the term of O(E') in the denominator of the right-hand side is neglected. Therefore, from eqs (9) and (lo), the normal-stress boundary condition is
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Equation (11) implies that unless Ca,/(~'hi/dxZ) is of 0(.e3) or smaller, the surface tension effects can be neglected. In coextrusion of polymer melts, the surface tension ui is generally not high enough so that 
wheref*(x) is the ratio of the thickness of the die at any location to the thickness of the die at the inlet.
Thus, eqs (S), (1 I), and (12) provide 2n equations involving 2n unknowns, h, and pi, for n-layer flow. The other 2n unknowns Ai and B,, involved in eq. (8), are obtained from eq. (5) or (6).
In coextrusion, the pressure at the outlet of the die is atmospheric and hence equal to zero. Yu and Han (1973) have reported an experimental observation of positive pressure at the outlet of the rectangular die for polymeric liquids. However, this exit pressure is small compared to the pressure at the inlet of the die. For coating, the boundary condition of zero pressure gradient far downstream of the flow is well established. Therefore,
SOLUTION OF EQUATIONS
The Galerkin/finite-element method, which is used in this analysis, is well described in several books such as in Strang and Fix (1973) . Here, we merely outline the procedure of the finite-element formulation, emphasizing the efforts made in reducing the number of unknowns by decoupling some of the equations.
The unknowns h, and pi are expanded in a suitable set of one-dimensional quadratic finite-element basis functions @l(<(x)):
hi& t) = : h,/tWjGW), j=l Pik t) = jEl Pij(O4jW4)~ i='l,2,_. .,n, J * at x=1.0, pi=0 (for coextrusion), or 'I at x = xI, ap,/ax = 0 (for coating), i= 1,2,. ..,n, }
where xf is the dimensionless distance along the flow where the films become virtually planar. In the lubrication approximation, the flow rate or the thickness of each layer can be specified at the inlet of the flow. Under processing conditions, however, the flow rate for each layer is expected to be known at the inlet instead of its thickness. Therefore, we specify the flow rates of each layer as the inlet boundary conditions, at x = 0: Qi = qt. i = I, 2,
. , n,
where Qi is the dimensionless flow rate per unit width and q, are prescribed constants along with the constraint:
i=l due to the conservation of mass. In the case of coextrusion, the flow is assumed to be fully developed at the inlet of the die. Therefore, atx=0: ahi=* ax i = I, 2, _ _ _ , n.
For coating, the total thickness at x = 0 is additionally assumed to be fixed. Then,
i=l Thus, the unknowns in the equations are the thicknesses hi, the pressures pg. and the constants Ai and Bi. The solution of the system of equations for multilayer extrusion or for multilayer coating depends on the following dimensionless groups and parameters:
where nn is the number of nodes and < the isoparametric coordinate such that 9 = (<: 0 < e C + 1). Each of the elements in the flow domain is mapped through the isoparametric relation: on the interval F, where xI is the coordinate of the jth node. Since for each node there are 2n unknowns, hi and p,, the unknowns or degrees of freedom in one element are 6n, where n is the number of layers. A procedure to evaluate the additional unknowns A, and 8, is outlined subsequently.
In the Galerkinlfinite-element method, the basis functions themselves are used as weighting functions in computing the residuals. Then the residual of the Reynolds lubrication equation in the ith layer [see
eq. @)I is
The evolution of flow with time is represented by the first term, discretized by backward-differencing in the above equation. The choice of this implicit method is primarily due to its well-known stability. To lower the order of the differential equation and to impose the natural boundary conditions, the divergence theorem is applied to the second term of the above equation. 
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The resulting expression for the residual R!jR' is:
where At is the time-step and the superscripts (m + 1) and m denote (m + 1)th and mth time-steps respectively. Equation (4) This optimization scheme reduces the number of unknowns per element from 12n to 6n. A typical computation with 20 elements of five-layer flow requires approximately 50 CPU seconds on an Apollo DN-4000 work station for each time-step. In the absence of this scheme, the computational time and the cost were found to increase by at least two-fold. The optimization is expected to become more and more efficient as the total number of unknowns increases due to either an expanded dew domain or the large number of layers.
In the time-dependent analysis, the thickness profile is perturbed sinusoidally such that: 28). To keep the total thickness in coextrusion equal to the gap between the die walls, this perturbation is applied only to the thicknesses of (n -1) layers, and the thickness of the nth layer is calculated using eq. (12). The amplitude of the disturbance, hamD,, is a parameter set to between 2% and 20% of the steady-state value. It is unnecessary to perturb the pressure pi. because for a perturbed thickness a perturbed pressure will be automatically evaluated.
RESULTS AND DISCUSSION
Multilayer extrusion
To check the accuracy of the finite-element analysis, several tests were performed. At high CL+, with a viscosity ratios of 1 .O for all the layers, the dimensionless pressure drop across the length of the die is 12.0, exactly matching the value obtained by the analytical expression for Hagen-Poiseuille flow. The pressure drop per unit length was also constant.
A constant pressure gradient along the die with uniform thickness was also observed at high Cai for up to seven-layer flow with several combinations of viscosity ratios. The ratios of the dimensionless pressures in adjacent layers were found to be equal to the inverses of the viscosity ratios. Then, according to the dimensional analysis using eq. (l), the same dimensional pressure exists in all layers at a given location. These numerical results are experimentally supported by Yu and Han (1973) for polymer melts using thin dies in the case of three-layer flow.
Analytical expressions for the flow rates and the thicknesses were derived for power-law liquids in twolayer and symmetric three-layer flow by Han (1981) . For a power-iaw exponent equal to 1.0 (Newtonian liquids), the Bow rates and the thicknesses obtained by the analytical expressions agree to within 0.01% with the numerical results.
Two typical thickness profiles for five-layer flow are shown in Fig. 4 . The parameters are Mi = 0.2,0.2,5.0, 5.0; Ca, = 10.0,2.0,0.4,2.0; qi = 0.1,0.05,0.5,0.05,0.3; and E = 0.1. The gap between the walls is constant in Fig. 4 (a) and varies linearly in Fig. 4(b) . The viscosity ratios M, are selected such that layers 1 and 5. and 2 and 4 have the same viscosities. This flow configuration is common in extrusion of food-packaging film in which a small amount of glue is extruded in layers 2 and 4, and recycled scrap at high flow rate is extruded in one of the outer layers. It is assumed that the surface tension is the same for all the liquids. Then, Cai = Ca,_ I M,_ 1 for i = 1,2,. . _ , n -1. The proportions of the thicknesses occupied by various layers clearly remain constant over the domain of flow. Similar thickness profiles are obtained for up to seven layers and over a wide range of flow rates that follow the constraint in eq. (15). The viscosity ratios were changed over the range of 0.001 to 20.0, and Cai over the range of 10e6 to 1000. Since we impose the flow rate of each layer as a natural boundary condition in our analysis, the thicknesses are directly correlated to the flow rates of individual layers. However, at high volume fractions, as the viscosity ratio increases, the slope in Fig. 5 increases.
In Fig. 6 , the thickness ratios h, /h, and h,/h, are plotted against the volumetric ratio q1/q2 for various (q++Q& Results similar to those in Figs 5 and 6 are important in establishing correlations between the thicknesses and the volumetric flow rates. In general, the thicknesses of the layers in the final products are dictated by the end-uses. However, in industrial operations, the flow rate of each layer can be controlled but not the thickness. Therefore, the correlation between the thicknesses and the Aow rates must be established in n-layer coextrusion. We achieve this goal by choosing the boundary condition on the flow rate for each layer and then computing the thickness.
As discussed in section 3, a sinusoidal disturbance of a specified amplitude is applied to the steady-state thickness profile as an initial condition and the timedependent analysis is carried out by backwarddifferencing. A time-step is chosen such that any further reduction in the time-step does not change the solution at any particular time. One such evolution of thickness profjle with respect to time is shown in Fig. 7 for three-layer However, when inertia effects are neglected (i.e., in their analysis, when Re = 0), the exponential growth factor in their linear stability analyses was zero. Therefore, according to the linear stability analysis, for negligible inertia effects, the flow is neutrally stable for Newtonian liquids. The above theoretical prediction is supported by our transient analysis. Moreover, the conclusion of neutrally stable flow is extended for multiple layers with various configurations over a wide range of viscosity ratios, capillary numbers and flow rates. Obviously, the known instabilities related to the inertia and to the density stratification are not observed in our analysis due to the limitations of the lubrication approximation. 
Multilayer coating
In this analysis, we examine only the downstream development of the coating film, and not the entire coating flow. In all the computations on multilayer coating, the total thickness at x = 0.0 is fixed at 1.1. The finite-element domain is defined from x = 0 to x = xy such that the total thickness approaches a value of 1.0 at x = xf_ In Fig. 8 , the thickness profiles of two-layer coating are shown. The viscosity ratio M, in Fig. 8(a) The thickness profiles approach constant values asymptotically at x = 1.0, which are equal to the volume fractions of each layer. Thus, as expected, the plug-flow region is approached at the downstream of multilayer coating. In the case of high viscosity ratio, this approach is slower than in the case of low viscosity ratio. However, the thickness profile in the plug-flow region is independent of the viscosity ratio.
The surface tension of the liquid in the outer layer also plays an important role in multilayer coating. The effect of the capillary number of the outer layer on the profile of the total thickness is studied in Fig. 9 for five-layer flow. In Fig. 9(a sion of the inside layers, from eq. (ll), it is expected that the curvature should increase with Ca, for the same pressure. Similar to the conclusion in Fig. 8 , for the same Cu,, the approach to the plug-flow region is slower for the flow of low viscosity liquid in contact with air. The effects of the surface tension between the liquids of the multilayer coating can also be studied. The thickness profile of the inner layer in two-layer flow is plotted in Fig. 10 for various values of Ca, . In Fig. 10(a) , the viscosity ratio M, is 0.1 and in Fig. to(b) it is 10.0. The other parameters are qi = 0.8, 0.2; E = 0.1, and Ca, = lo-'.
The thickness h, remains constant at x = 0 for various values of Cut. However, the approach to the plug-flow region is gradual for low values of Ca, for constant Ca,. Similar effects of Ca, on the total thickness profile are also observed. The comparison of Figs 9 and 10 suggests that the effect of the capillary numbers of the inner layers are not as pronounced as the capillary number of the outer layer. From this analysis, it is concluded that the capillary numbers, the viscosity ratios, and the flow rates of all the layers play important roles in determining the thickness profiles of all the layers. For polymer melts, the effects of any surface tension are negligible.
An initial sinusoidal disturbance is applied to the thickness profiles of all the layers and their evolution with time is investigated by solving the unsteady-state equations.
Similar to coextrusion, a time-step is chosen such that any further reduction in time-step does not change the solution at a given time. In Besides, the ribbing instability observed in coating is a three-dimensional phenomenon that cannot be analyzed by two-dimensional disturbances considered here. In single-layer coating, Pearson (1960) used results from the lubrication analysis to carry out threedimensional linear stability analysis. When the wavenumber in his linear stability analysis was equal to zero, which is equivalent to two-dimensional disturbance, the growth factor was always negative (stable flow) or close to zero (neutrally stable flow) in a wedge-shaped spreader. Thus, the results of our nonlinear stability analysis of multilayer coating compare well with the linear stability analysis of singlelayer flow. A three-dimensional linear stability analysis is also feasible using the theory developed in this paper for multilayer flows.
All the above results of multilayer extrusion and of multilayer coating are based on the lubrication approximation.
Therefore, inertia effects are neglected and the analysis is valid only for thin-film flows. Consequently, the interfacial instability observed in coextrusion due to nonzero inertia terms or due to density stratification cannot be predicted. Similarly, only the downstream development of the coating film could be analyzed by this analysis.
CONCLUSIONS
Thin-film flows of many layers in contact with each other are analyzed by means of the lubrication approximation.
A convenient local coordinate transformation gives rise to algebraically simple equations and the Reynolds equations for n-layer flow evolve naturally. This unified system of equations is used to analyze multilayer extrusion and multilayer coating flows. In solving the equations, the computational cost is considerably reduced by. appropriately decoupling some of the equations.
In the steady-state analysis, the thickness and the pressure profiles were computed for various operating conditions and material properties such as the viscosities and the surface tensions. In the case of coating, the surface tension of the outer layer has the most pronounced effect' on the thickness profile, compared to the effects of the surface tension of the inner layers. Surface tension is not expected to affect the thickness profiles under typical coextrusion conditions.
The flow was found to be stable over a wide range of investigated operating conditions and rheological parameters within the limitations of the lubrication approximation, which does not account for destabilizing inertia effects. 
The unknowns We in the above system of equations are correlated to the unknowns A, and Bi in eq. (5) or (6) by the relations Ai = w,, I?, = wj+ *, where i = (j + 1)/2 and i = 1,2,. . . , n. By comparing eq. (5) or (6) and eq. (Bl):
h,, b,+ 1, dip di+l =I@,, PA. However, the coefficients at and cr (j = 1,2, . ,2n) are all constants.
The complete algorithm for the solution of w in eq. (Bl) is given by the series of recursive formulae, whit 6, along with the formulae for the simultaneous computation of dw,/~%,. whereu=Cp,,..., p,, h,,. . .h,], are-given below. " '_ Let us define pi and y, (j = 1,2. . . . , 24 and their derivat- 
